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1 Introduction

Principal component analysis (PCA) is a statistical procedure that uses an orthogonal transformation
to convert a set of observations of possibly correlated variables into a set of values of linearly
uncorrelated variables called principal components. It is a simplistic, yet fundamental dimensionality
reduction technique ubiquitously used for data visualization and reasoning. Efforts have been made to
integrate PCA with other more fine-grained unsupervised methods under a coherent framework. One
line of such endeavors is to interpret PCA as a special case of Gaussian process latent variable models
(GPLVMs). This specific interpretation highlights the flexible nature of GPLVMs. Specifically,
GPLVMs connect the observed data to a underlying latent variable space with the assumption that this
transformation function has a Gaussian process prior (Lawrencel [2005)). This modeling framework
has the advantage that it is flexible, nonlinear and the transformation between latent and observation
space is straightforward (Gao et al. | 201 1a)).

The additional usage of different kernel based methods have lead to various improvements to the
initial algorithm. Changing posterior distributions has also lead to a large diversity of method
implementations. However, the rich family of GPLVMs lack organization, and the more refined
algorithms present significant computational challenges. This report is an attempt to coalesce this
diverse field. In doing so, we highlight the formulation and key theoretical properties for the various
GPLVM classes, as well as present practical algorithms to improve computational efficiency for
large datasets. Additionally, we provide context for GPLVM by contrasting it to other forms of
dimensionality reduction, such as PCA.

2 Notation

1. Ip: the identity matrix in RP* P,

2. Xg‘]): the features in set J over observations in the set I.
3. K, ;: the kernel matrix with rows at set I and columns at set .JJ

4. N(X|p,0): equivalent to X ~ N(u, o)

3 Assumptions, and Problem Formulation

We assume all observation X;’s are i.i.d., unless otherwise noted. We briefly introduce two major
components of GPLVMs, latent variable models and Gaussian processes, as well as necessary
assumptions in constructing our models.
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3.1 Latent Variable Models

A latent variable model is a statistical model that relates a set of observable variables X € R"**P
to a set of latent variables Z € R™*7 through a set of parameters (Loehlin, |1998). The relationship
between the latent variable and the data point is linear with noise added,

x =f(z) + ¢,

where W € RP*4 and we assume € ~ N(0,0%Ip). The likelihood for a data point can then be
written as
p(x|z, W,0) ~ N(Wz,5%Ip).

Then, subject to our desired interpretations, the marginal likelihoods can be formulated as

p(W.0) = [ plxla, W.o)p(a)iz (1)
z
p(xlz7) = [ plxia, W, 0)p(W)awW (1b)
w
Their log-likelihoods over the full data set are in turn thus given by
N
log(p(X|W,0)) = Y log(p(xi|W, ) (2a)
i=1
D .
log(p(X|Z,0)) = _log(p(x|Z, 7)) (2b)
j=1

We observe that[Ta] and [Tb|require distribution assumptions for z and W respectively.

3.2 Gaussian Processes

Gaussian processes are a class of stochastic process such that every finite collection of its belonging
random variables has a multivariate normal distribution. The mean and variance of such a Gaussian
process must be functions of the space on which the process operates. Typically, the mean function
is taken to be zero, while the covariance function is necessarily constrained to produce positive
semi-definite matrices.

3.3 Gaussian process latent variable models

The GPLVMs describe a new class of models which consist of Gaussian process mappings from a
latent space, Z, to an observed data-space, X. Starting with GPLVMs’ original motivation as an
interpretation of probabilistic principal component analysis (PPCA), we survey their potent as a
general framework in admitting non-linear dimensionality reduction techniques, as well as other
supervised and unsupervised learning methods.

4 Key Results

4.1 Interpreting PPCA as a GPLVM

We first Assume the relationship between the latent variable and output variable to be linear:
x =Wz + ¢,

We also assume the latent variable has a priori distribution
z ~N(0,1,)

The marginal likelihood for each observation can be found analytically by |lalas

p(x|W,0) ~ N (0, WWT 4 5%Ip)
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Figure 1: Latent variable Z dictates observed variable X,, by transformation function f,, where f,,
has a Gaussian process prior parameterized by 6.

Then, the standard approach is to maximize the data likelihood |[2al with respect to parameters W, o.
However, under appropriate conjugate prior over W such as the spherical Gaussian distribution:

D
p(W) = HN(Oan)
=1

we derive the marginal likelihood for j-th feature analytically as in
p(xD|Z,0) ~ N (0,ZZ7 + 0°1p)

and we instead optimize [2b| with respect to Z, the locale of the points in latent space. The problem is

hence given as
DN

L=-—="—
2

D 1
log 27 — —-log K| — 5 tr(K1XX™) 3)

where
K =ZZ" + 0’1
Theorem 1. Optimizing 3| with respect to Z is equivalent to the eigenvalue problem solved in PCA.

Consider a simple Gaussian process prior over the space of functions that are fundamentally linear,
but are corrupted by Gaussian noise of variance o-2I. The resulted covariance function, or kernel, for
such a prior is given by

K =277 + 5’1 4)
We observe that[d]is identical to the covariance associated with each factor of the marginal likelihood
for PPCA. This marginal likelihood is therefore a product of D independent Gaussian processes. In
PCA we are optimizing the parameters and input positions of a Gaussian process prior distribution
where the (linear) covariance function for each dimension is given by K.

4.2 Relation to other Forms of Dimensionality Reduction

In the previous section we interpreted PPCA as the special case of a GPLVM where the output
dimensions are a priori assumed to be linear. In fact, the linearity assumption can be broken by
replacing the inner product kernel with a non-linear covariance function. From this point of view, we
can treat GPLVM as an interpretation for non-linear probabilistic version of PCA.

In this section, we introduce the connection of GPLVM with proximity data based methods such as
probabilistic kernel PCA (PKPCA) and classical MDS. These connections are through a unifying
objective function which embraces all three models.

Classical MDS and PKPCA rely on proximity data, such as similarity matrices, denoted by S. If S is
assumed to be positive semi-definite, we can treat S as a covariance matrix. Then, the cross-entropy
loss between this Gaussian and the Gaussian process whose marginal log-likelihood is given in [2b]is
given as

N 1 1
- /N(x|0, S)log N(x|0,K)dx = 5 log 2w + 3 log |K| + 3 tr (K™'S) 3



If we substitute S = D~'XX” we observe, up to a scaling of —D, thatis identical tol 3} Therefore
by taking K to be ff] and minimize [5| with respect to Z we recover the GPLVM formulation of PPCA.
Observing that the entropy of A/(x|0, S) is constant in Z, we may subtract it from [5|and attain the
KL divergence between the two Gaussians,

0,K
KL(N(x]0, S)|IV(x]0, K)) //\/ (x/0, S) log N((X|0 S))
(6)
N
_— - — _1 R —
=5 log K| 5 log S|+ 5 tr(SK ) 5

With appropriate choice of S and K, [f]is a valid objective function for PPCA, PKPCA, classical
MDS, and the GPLVM. In particular, for PKPCA S is a non-linear kernel and K is the linear kernel.
For the GPLVM S is the linear kernel whereas K is a non-linear kernel.

4.3 Optimization of the Non-linear Model

In previous sections we observed how PCA can be interpreted as a Gaussian process that maps latent
space points to points in observation-space. The positions of the points in the latent space can be
determined by maximizing the process likelihood with respect to Z. For the linear kernel, a closed
form solution could be obtained up to an arbitrary rotation matrix. However, for non-linear kernels,
there will be no such closed form solution and there are likely to be multiple local optima. To use a
particular kernel in the GPLVM we first note that the gradient of [3| with respect to the latent points
can be found through first taking the gradient with respect to the kernel,

L
oL _ K 'XXTK!' - DK™! (7

0K
and then combining it with glé via the chain rule. Note that computation of[7|is independent of the
kernel choice, and thus we only require that the gradient of the kernel with respect to the latent points
can be computed. The log-likelihood is then optimized via iterative gradient methods.

4.3.1 Sparsification

A caveat worthy of notice is that, while the gradient update with respect to BL 9K s straightforward,

87
each gradient step requires an inverse of the kernel matrix (see equatlon , an O(N3) operation,
which renders the algorithm impractical for large datasets. A practical algorithm is presented in
Lawrence| (2005)) through sparsification in kernel methods.

In particular, kernel methods may be sped up through representing the data set by an active set, I,
which is selected sequentially according to the reduction in the posterior’s entropy that they induce
via the informative vector machine (IVM) Herbrich ez al. |(2003). A consequence of this enforced
sparsification is that optimization of the points in the active set (with [I| = M < N) proceeds much
quicker than the optimization of the full set of latent variables. The likelihood of the active set is
given by

1 1
(2m)D2|K ;1|12 exp ( 5

which can be optimized with respect to the kernel’s parameters and Z; with gradient evaluations of
cost O(M?) rather than the prohibitive O(N?) in the full model. The dominant cost becomes that of
the active set selection which is O(M?2N).

p(Xp) =

tr(K; ; X/X7)) 8)

4.3.2 Latent Variable Optimization

While selecting an active set can certainly speed up calculations, for tasks such as data visualization
we still need to optimize with respect to inactive points. A standard result for Gaussian processes (e.g.
Goldberg et al. |(1998)) is that a point j from the inactive set, denoted by .J, can be shown to project
into the data-space as a Gaussian distribution

p(X;1Z;) ~ N(XTK] 1kr5, k(Z;,Z;) — ki K7 1kr;1p) )

where I is the active set. We observe that gradients with respect to Z; do not depend on other data in
the inactive set J. Therefore, we can independently optimize the likelihood of each X ; with respect



to corresponding Z ;. We then reselect the active set and iterate until the convergence criterion is met.
An algorithm for practical GPLVM optimization is organized as follows. Note that in each iteration
we perform two active set selections because the choice of active set is dependent on both the kernel
parameters and the latent point positions.

Algorithm 1 Efficient GPLVM optimization

Require: A size for the active set, M. A number of iterations, 7.
Initialize Z through PCA
for T iterations do
Select a new active set using the IVM algorithm
Optimize 8] with respect to the parameters of K and the latent positions Z;
using iterative gradient methods
Select a new active set
for each point j not in active set do
Optimize E] with respect to Z; using iterative gradient methods
end for
end for

4.4 Constraint Based GPLVMs

Thus far we have shown the potential of GPLVMs in generalizing unsupervised learning techniques.
However, conventional GPLVM needs not make any assumptions on the prior of latent variables and
thus, is prone to overfitting. One of the effective approaches to tackle this problem is to introduce
constraints into the prior for posterior estimation. The variability of constraints, in turn, has enabled
GPLVM in adapting to different tasks, such as supervised learning and manifold learning.

4.4.1 Discriminative GPLVM

GPLVM has been shown to discover low dimensional manifolds given only a small number of
examples Tipping & Bishop|(1997)). Under this motivation, discriminative GPLVM (D-GPLVM) is
developed and widely used for Gaussian process classification. using an information prior for latent
positions Z|Urtasun & Darrell| (2007):

1 1
p(Z) = ZfdeXp{—gJ‘l} (10)
d

where Z,; and o are global normalization constants, J(Z) = tr(S,,;1S,) measures the trade-off be-
tween maximizing class separability (Sp) and minimizing within-class separability (.5,,), respectively
defined as

L g
njr 1
o=yl > @) —u )@z — )]
j=1 N tn; i=1
L
Sw =Y ) =) — T,
j=1

where L is the number of distinct output labels, 7; the number of labels in class j, and ul) the
average of latent positions in class j. [I0]encourages latent positions of the same class to be close and
those of different classes to be far. Finally, we impose a kernel that is a sum of RBF, a bias term, and
a noise term,

lzi=2,)

K(Zi 25) = exp(= 112 = Z%) + 05 + <2220,

where v = {71, 72, ...} comprises the output parameters that govern the output variance. The
posterior can then be written as

p(Z,0/X) o p(X|Z,6)p(Z)p(7),



with log-likelihood maximized by

argmax (X;Z,0 ftr ~1S) + i
gmax 1(X;Z,6) + Zv

A new data point (Z’, X’) is then predicted by maximizing p(Z’, X'|Z, X, ).

4.4.2 Breaking I.I.D. Assumptions

Thus far we have implicitly assumed that our training and test data have been sampled independently
and identically distributed (i.i.d.). |Gao et al. |(2011b) propose a modification on the latent variable
model framework to extend to the case where i.i.d assumptions are not appropriate. Specifically, it
assumes that the training set X and testing set X; are drawn from two different distributions as well
as corresponding latent variables Z and Z, respectively. KL-divergence is then employed in order to
modify model parameters. We define a new objective function:

argmax 1(X;Z,0) +ZKL (XD, X)) (n
Z,0
Jj=1

This new objective function places penalty on the divergence of the training and test datasets. To the
best of our knowledge, there does not exist theoretical guarantees for a divergence penalty in this
context. Instead only empirical results are presented (Gao et al. |, 2011b).

4.5 Generation Process Based GPLVM

4.5.1 Capturing Common Structure Between Multiple Datasets

Often it is the case that multiple datasets can be related to the same underlying phenomenon. For
example, neural recordings in two distinct brain areas may be associated in complex and often
nonlinear ways (Semedo et al. |,[2014). While an analysis of the individual neural populations may
provide useful information, it does not consider potential correlations between the two datasets. For
example, there could be a third brain region that drives the neuronal firing in the two observed regions.
Shared GPLVM demonstrate an attempt to reformulate the GPLVM framework in order to address this
particular problem (Ek et al. | 2007). Specifically we consider latent variable Z = [z, ..., z,,] and two
sets of observed variables X = [y1, ..., yn], X = [21, ..., ], where X and Y are independent given
latent Z. X and Y are both of size n, with the ith sample related by the ith latent variable sample,
however, X; and Y; are not constricted to be the same dimensionality. We make the assumption that
both X and Y are generated in the following manner (L1 & Chenl 2016):

X; = fx(z) + N(0,0%1); fx ~GP(ux,Kx)
Y = fy(z) + N(0,031); fy ~ GP(py, Ky)

Using 6 to denote the hyper-parameters of our model, we can now exploit our conditional indepen-
dence assumption and integrate out the f and fy terms to write:

12)

P(X,Y|fx, fy, X, 0x,0y) = HP(Xi|fZa Zi,02)P(Yilfv.Z;,0v)

=1

H (Xl Zi,02)P(Yi| Z:, 0y)

13)

5 Kernel Method Based GPLVM

5.1 Utilizing GPLVM to Compensate for Overrepresented Labels

We now consider the case of supervised data with imbalanced data labels. Without loss of generality,
we consider the case of two classes. The more common classes can often dominate the objective
function, resulting in poor model performance. In an attempt to circumvent this problem, the latent



space (and hence the kernel function in our GPLVM) can be partitioned into "private" and "shared"
components (Yousefi et al. ||2016). Namely, we can partition our latent variable

7 — Z shared
Zprivale

Now we can define our Kernel function as a sum between the shared and private components.
Specifically, we define:

K(ZCI ) ZCZ) = Kshared<Zshared, Cl; Zshared, C2) + Kprivate (Zprivale, Cl, Zprivate, C2)

where Cy is the category for X. The shared Kernel can be constructed in an manner. However, the
shared kernel must take the form:

Kprivate (Zprivate, Cl, Zprivate, CZ) == I(Cl = CZ)Kcovar(Zprivate, Cl, Zprivate, C2)

where I is the indicator function and K.y, calculates the covariance (Yousefi ef al. |, 2016)). This
partitioning allows for the public and private latent variable components to operate independently of
each other, thus helping to ensure that our overrepresented category does not dominate the model.

6 Proof outlines for the results

Proof of Theorem[l] The gradients of 3| with respect to Z may be found as

oL
— =K 'XX"K"'Z - DK™'Z
0Z
with a critical point given by
1 Tye—1
Z=—=-XX"K 'Z.
D
By deriving the dual objective of 3] we deduce the critical point is equivalently attained at
Z =ULV"

where U is an [NV X ¢ matrix whose columns are the first g eigenvectors of XXT Lisagxgq diagonal
matrix whose j-th element is (A\; — 02)71/2 where )\, is the eigenvalue associated with the j-th

eigenvector of D 1XXT and V is an arbitrary ¢ X g rotation matrix |[Lawrence, (2005). Without loss
of generality we assume that these eigenvalues are ordered according to magnitude in decreasing
order. Then we observe that the eigenvalue problem in the dual solution is of the form

XXTu=UA
Multiplying both sides by X yields
XTXXTu = XTUA (14)

Imposing eigenvectors to be orthonormal, we deduce UTXX?U = A, and hence the matrix
U’ = XTUA "7 is orthonormal. Multiplying both sides of |14|by Az, we conclude that

XTXU' = UA,

which is the eigenvalue problem associated with PPCA. [

7 Conclusion

GPLVMEs are a flexible latent-variable model framework that can elucidate underlying structure in
data. While originally developed as a data visualization tool, the model framework has been exploited
to tackle a wide variety of problems in the machine learning field ((Lawrencel [2005))). We presented
many augmentations of the original model and their relationship to the original framework and
demonstrated that PCA can be thought of as a special case of GPLVM. However, while these models
seem promising, our survey of current literature revolving GPLVMs revealed a number of gaps in the
theoretical foundations of these models.



For example, there is no theoretical framework dictating model performance in the presents of data
outliers and noisy data. It is commonly knowledge that the vast majority of dimensionality reduction
techniques, such as Isomap, Local Linear Embedding and factor analysis, are sensitive to outlying
data. Many attempts have been made to better understand and rectify how these models behavior
under these conditions (Pison et al. |, 2003; (Chen & Liul 2011}, |Cho1 & Chotil [2007). However, it
seems that the behavior of GPLVM models under these circumstances has not received the same
amount of attention and no method exists that provides robustness to such conditions.

As with many kernel-based methods, the selection of a kernel provides a wide range of possibilities,
and thus opportunities for improvement. The essential step towards applying GPLVMs to a variety of
contexts is to choose appropriate prior and mercer kernel. Thus, it seems natural that the develop-
ment of algorithm with theoretical guarantee that automatically select prior and kernel would arise.
However, a specific method for such selection has alluded the GPLVM community.

In summary, we illustrated the flexible framework by highlighting key contributions in the field, such
as the extensions of GPLVMs for supervised situations, utilization in dealing with label imbalance,
operations in sparse and non-L.I.D settings and the optimization characteristics of the loss function.
PCA, and various other dimensionality reduction techniques, can be thought of as a special case
of GPLVM. The flexible nature of this model provides substantial room for augmentations and
improvements beyond those highlighted here.
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